
On the Clebsch-Gordan coefficients for the two-parameter quantum algebra SU(2)p,q

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys. A: Math. Gen. 26 5177

(http://iopscience.iop.org/0305-4470/26/19/045)

Download details:

IP Address: 171.66.16.68

The article was downloaded on 01/06/2010 at 19:45

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/19
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A Math. Gen. 26 (1993) 5177-5179. Printed in the UK 

COMMENT 
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Abstract. We show that the Clebsch-Gordan coeffidwts for the SLI(2),,,, algebra depend 
on a single parameter e=%, contrary to the explicit calculation of Smimov and 
Wehrhahn. 

Recently, the Clebsch-Gordan problem for the two-parameter quantum algebra 
SU(2),., was analysed [Smirnov and Wehrhahn 19921. It was claimed that the 
corresponding Clebsch-Gordan coefficients do depend on the two deforming para- 
m e t e r s ~  and q. 

In this comment we show that the Clebsch-Gordan coefficients depend effeczively 
only on one parameter e=%, and that SU(2),.,, is isomorphic to SU(2)Q, both as 
algebras and Hopf co;algebras., Our results are in agreement with Drinfeld (1989). 

We recall the SU(Z),,, algebra defined by Smirnov and Wehrhahn (1992) (p and q 
are real parameters): 

~ [ J o ,  J , ]  = +_ J ,  

[ J + ,  J -  l p ,q=  J+J- -Pq-’J-J+ = PJ0IP.q 

qYo- - y o  P 
P a l , . , =  , q-p-l 

(&)+ =Jo  ( J , ) +  = J + .  . (1) 

A(J,)= J .  @ppp-’o f q”J+ 

A(Jo) Ja@ 1 + l@Je (2) 

The coproduct A is: 

, 

The finite dimensional u n i t a j  irreducible representation (IRREP) DJ of spin j contains 
the highest weight vectar ljj), satisfying 

’ . JolR=ilii) 

(3) 

J+!ji?=O 
(ijl j j )  = I. 

. ,  
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The other orthonormalied states of IRREP Di, ljm), with -j=Gm*j, satisfy 

S Meljanac and M Milekouic’ 

[i - ml,.,[i+ m + 1lp . , lh  + l),,, I 1/2(i-m-1).\/ 

1 VZCi-m).\/ 

J+Ijm),.,=(pq- ) 

J-Ijm)p.q=@q- 1 Ii+ mL&- m + ~Ip.,lim - G., 
Jolim),,, = mljm),,,,. (4)  

Now, we define the SU(2), algebra with three generators ( J , ) a  and (J0)*: 

with the coproduct 

The relations between the SU(Z),., generators and the SU(2), generators are 

(J+h 1/2(Jo-li2) 
J+ = ( q / P )  
J -  = (q/p)”2‘Jo+”2)(J-)Q 

Jo=(Jo)Q.  (7) 

It is easy to show that relations (7) map equations (1) and equations (5 )  one into 
another. Moreover, the SU(2),., coproduct is identical to the SU(2), coproduct, 

Ap: 

This is also true for the antipode ~ , , ~ = y ~ ,  the counit E , , , = & ~ ,  the states 
ljm)p,q=ljm)p and the Casimir operator (C2)p,q=(C2)p Thus we have proved the 
Hopf-algebra isomorphism between SU(2),,, and SU(2)*. As a consequence of this 
isomorphism, the p, q Clebsch-Gordan coefficients of SU(2),,, should be identical to 
those of SU(2)p. 

Returning to the Smirnov and Wehrhahn paper, one can immediately show, using 
our equation (5) and [n],., = (q/p)“-’”2[n]a, that all the equations in section 2 of their 
paper can be reduced to the equations with single parameter Q. Particularly, the 
states in equation (2.7) can be written as Ijm),.,= ljm)p Therefore, the projection 
operator Pmp= ljm)(im’l also has to be expressed in terms of the Q-parameter only. 
However, their projection operator, eq. (3.7), is wrong since it explicitly depends on 
the (plq) parameter and does not satisfy the projection property (Pi,)2=P-. 
Hence, all the subsequent formulae in section 5 (starting with the equation (5.3)) are 
incorrect. For example, the Clebsch-Gordan coefficients given in table 1 do not 
satisfy the orthonormality relations (4.10). 
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The correct formula for the projection operator should read 

( p ) - I / l o m ' ) b - m ' - l )  [i+ m' I,,,! G 
(9) 

Using this projector we obtain the Clebsch-Gordan coefficients which depend on the 
single parameter Q. In this way, these Clebsch-Gordan coefficients are identical to 
those for SU(2)a: 

( j l m l j z m 2 1 ~ ~ p . q  = ~ l m l j z m 2 1 J ~ ~ = ~  (10) 
for all j , ,  ml,  jz, q. J and M. 
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